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e axiom schemes

e Results
e dependence

e independence (models)



e AST without semisets is just an axiomatization of heridatarily
finite sets (ZFfin).

e The literature on ZFfin/PA is rich but often sketchy.

e When dealing with fragments of ZFfin, detail matters.
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Locales

Machinery for uniform treatment of a set of assumptions

Dependence through sublocale

Automatic transfer of results (interpretation)

Logically, locale is a predicate about its parameters



Locales

locale set signature =
fixes membership :: "'a = 'a = bool" (infix "&" 50)

locale L setext = set signature +
assumes setext: "X =y «— (V2. ze X «— z ¢ y)"

locale L setext empty setsuc setind = L setext + L empty + L setsuc + L setind

sublocale L union
proof (unfold_locales, rule, rule setind SP[rule_format])
show "3z. Yu. (Uue z) «— (Iv. ve D Aucev)"
by (meson empty is empty)
next
fix x y
have aux: "(Vu. (ue z) «— (Iv. (Ve x VVv=y) Auecv)) «— (Vu. (ue z) «— (I v. v
V) Vucey)" for z
by blast
let 20 = "X\ z. Vu. (ue z) = (Iv. (vex VVv=y) Auev)"
assume "3Jz. Yu. (Uue z) «— (Iv. ve X Aucev)"
thus "3z. Vu. (ue z) «— (3v. v e (XUn{yIu) A ue v)"
unfolding setsuc _def' aux using binunion ex[rule format, of _ y] by metis
next
show "SetProperty (Aa. 3z. Yu. (ue z) = (Iv. ve a Auev))"
unfolding SetProperty def logsimps by rule+
ged



Schemes and set formula predicate

locale L setind = set signature +
assumes setind: "/ P. SetFormulaPredicate P —
V x. P(E(0:=0)) — (V x y. P(E(0:=x)) — P (2(0:= xUn{y}n)))
— P(Z(0:= x))"

Formula is represented as a truth function of variable evaluations

= :(iF+ aJ.
inductive SetFormulaPredicate :: "((nat = 'a) = bool) = bool"
where

SFP_mem[simpl: "A m n. SetFormulaPredicate (A Z. (Zm) ¢ (Z n))"
— <«formula <xm £ Xn>>
| SFP_eqlsimpl: "A m n. SetFormulaPredicate (A Z. (= m) = (Z n))"
— «formula <Xm = Xn>>
| SFP_neg[simp]: "SetFormulaPredicate P — SetFormulaPredicate (A

=Z. o P E)" — <formula <— ¢>>
| SFP_disj[simp]l: "SetFormulaPredicate P — SetFormulaPredicate Q
— SetFormulaPredicate (A Z. P =2 v Q E)" — <formula <p V

> >
| SFP_alllsimpl: "A n. SetFormulaPredicate P —
SetFormulaPredicate (A =Z. V a. P (Z(n:=a)))"
— «formula <V Xn. @>>



Dependences and equivalences

Finiteness axioms:

e Inductive set existence negated

Tarski finiteness (maximal element w.r.t inclusion)

Dedekind finiteness (no bijection on a proper subset)

AST-finite (set-successor and scheme of induction)

Cardinality-finite (bijection on a natural number)



Dependences and equivalences

theorem (in L _setext empty_setsuc)
shows setind implies tarski: "L setind (¢) = L tarski (¢)" and
setind implies fin by setsuc: "L setind (¢) = L fin (&)"
theorem (in L setext empty power union repl)
dedekind implies fin: "L dedekind (¢) = L fin (&)"

theorem (in L_setext empty power union repl reg)

fin_implies_tarski: "L_fin (¢) = L_tarski (=)" and
tarski_implies_fin: "L_tarski (¢) = L_fin (=)" and
fin implies setind: "L fin (¢) — L setind (¢)" and
setind implies fin: "L setind (¢) = L fin (=)" and
fin_implies_dedekind: "L_fin (¢) == L_dedekind (c)"



Independence and models

Hereditarily finite sets are implemented in Isabelle through
Ackermann encoding of nat, denoted as €.

interpretation zffin: ZFfin "(€)"
rewrites "zffin.empty setM = 0" and
"zffin.singletonM y = {y}" and
"zffin.binunionM x (zffin.singletonM y) = x < y"

Modification: 0 € 0, 1 = (), the rest as by Ackermann

definition hmem' :: "hf = hf = bool" (infixl <c"> 50)

where "hmem' a b «— (b # 1 Aa€b)V(a=0Ab=20)"
theorem "L setext empty (€")" and "L setsuc (€")" and "L setind (e")"
and "= L reg ()"

by unfold locales (metis L reg.reg zero hmem' iff)



Independence and models

theorem not reg implies regsch:
assumes "L _setext empty power union repl reg fin (m :: 'a = 'a = bool)"
shows "— (V (mem :: 'a = 'a = bool). L_setext_empty_power_union_repl mem

A L reg mem — L regsch mem)"

e Mancini-Zambella example, using permutation
e They call it Fraenkel-Mostowski permutation method
e Enyat et. al remark: “the method was invented by Bernays

and fine-tuned by Rieger”
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