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CLG & BL, February 5, 2026



Outline

• Motivation:

• unified and verified results

• exploring Alternative Set Theory

• Design principles

• locales

• axiom schemes

• Results

• dependence

• independence (models)



Motivation

• AST without semisets is just an axiomatization of heridatarily

finite sets (ZFfin).

• The literature on ZFfin/PA is rich but often sketchy.

• When dealing with fragments of ZFfin, detail matters.
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Fundierungsaxioms in speziellen Systemen der Mengentheorie, Z.

Math. Logik Grundlagen Math. vol. 9 (1963), pp. 235–241.

L. Rieger, A contribution to Gödel’s axiomatic set theory,

Czechoslovak Math. J. vol. 7 (1957), pp. 323–357.
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Locales

• Machinery for uniform treatment of a set of assumptions

• Dependence through sublocale

• Automatic transfer of results (interpretation)

• Logically, locale is a predicate about its parameters



Locales



Schemes and set formula predicate

Formula is represented as a truth function of variable evaluations

Ξ : (i 7→ ai ).



Dependences and equivalences

Finiteness axioms:

• Inductive set existence negated

• Tarski finiteness (maximal element w.r.t inclusion)

• Dedekind finiteness (no bijection on a proper subset)

• AST-finite (set-successor and scheme of induction)

• Cardinality-finite (bijection on a natural number)



Dependences and equivalences



Independence and models

Hereditarily finite sets are implemented in Isabelle through

Ackermann encoding of nat, denoted as ∈.

Modification: 0 ∈ 0, 1 = ∅, the rest as by Ackermann



Independence and models

• Mancini-Zambella example, using permutation

• They call it Fraenkel-Mostowski permutation method

• Enyat et. al remark: “the method was invented by Bernays

and fine-tuned by Rieger”
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