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Topological space

(X,T) aset X with T C P(X), closed under finite intersections (i.e. X € 7)
and arbitrary unions (i.e. 0 € 7).
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m Topological completeness of S4 [McKinsey and Tarski, 1944] when O is
interpreted as interior (0P = J{U €T | U C P})

m Evidential perspective [Abramsky, 1991; Smyth, 1992; Vickers, 1989]
open sets U € T represent observable properties / evidence
(OP as ‘P is supported by some observable evidence’)
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Topological space

(X,T) aset X with T C P(X), closed under finite intersections (i.e. X € 7)
and arbitrary unions (i.e. 0 € 7).

m Topological completeness of S4 [McKinsey and Tarski, 1944] when O is
interpreted as interior (0P = J{U €T | U C P})

m Evidential perspective [Abramsky, 1991; Smyth, 1992; Vickers, 1989]
open sets U € T represent observable properties / evidence
(OP as ‘P is supported by some observable evidence’)

m Topological evidence logic [Baltag et al., 2016, 2022; Ozg[jn, 2017]
a hypothesis P C X is justified iff U C P for some dense open U
VVeT:V+0= UnV #0),or ‘consistent with all consistent evidence’.

P is known in x if justified by U and x € U.
See also [Dabrowski et al., 1996; Parikh et al., 2007; Steinsvold, 2007].
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Knowledge rarely comes for free.

Obtaining evidence requires resources and agents

operate on strict resource budgets.
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Example [Smyth, 1992; Vickers, 1989]
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{0, 1}** with the Scott topology

m basis = {Tw | w finite }.
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{0, 1}** with the Scott topology
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Resource needed for w = time |w]|.

1. Sedlar (ICS CAS) Knowledge on a Budget CGL-BL26 3/20



Example [Smyth, 1992; Vickers, 1989]

{0, 1}** with the Scott topology

m basis = {Tw | w finite }.
o 051 i M Resource needed for w = time |w]|.
Ro\ /{ ‘é\ /1’ O C {0, 1}" possible observations.
0 1
AN el

1. Sedlar (ICS CAS) Knowledge on a Budget CGL-BL26 3/20



Example [Smyth, 1992; Vickers, 1989]

o

{0, 1}** with the Scott topology

m basis = {Tw | w finite }.
o o i M Resource needed for w = time |w]|.
Ro\ /{ ‘é\ /1’ O C {0,1}" possible observations.
0 1 P C {0, 1}* verifiable on budget n € N
AN Ve & &
0 1 |
\/ Tw C P where |[w| < nand w € O.

1. Sedlar (ICS CAS) Knowledge on a Budget CGL-BL"26 3/20



Example [Smyth, 1992; Vickers, 1989]

o

{0, 1}** with the Scott topology

m basis = {Tw | w finite }.
& o i M Resource needed for w = time |w]|.
R0\ /f ‘é\ /f O C {0,1}" possible observations.
0 1 P C {0, 1}* verifiable on budget n € N
AN el i &
0 1 I
\6/ Tw C P where |[w| < nand w € O.

P justified on budget n iff thereis w € O where Tw C P& |w| < n
and VYueO:|lu/<n= TunP=+0.

1. Sedlar (ICS CAS) Knowledge on a Budget CGL-BL"26 3/20



~—— Semiring

(K,®,0,0,1):
(K, ®, 1) monoid (K, ®,0) commutative monoid
(resource combination) (resource choice)

a(b®dc) =ab® ac (a® b)c = ac® bc Oa=0=a0
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(K,®,0,0,1):
(K, ®, 1) monoid (K, ®,0) commutative monoid
(resource combination) (resource choice)

a(b®dc) =ab® ac (a® b)c = ac® bc Oa=0=a0

\.

Examples
m Tropical semiring (N U {oo}, min, +, 00,0) discrete amounts of resources
m Viterbi semiring ([0, 1], max, -, 0, 1) probabilities
m Lukasiewicz semiring ([0, 1], max, ®, 0, 1) truth degrees
m Binary relations (P(Sx S),U, o,0,ids) actions / transitions
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~—— Semiring-annotated topological space (seat)

S = (X, T, Ak) where (X,7) is a topological space, K = (K,®,0,0,1) is a

semiring and
Ag: Tx X - P(K)

a € A(U, x) if resource a is sufficient to obtain evidence U in state x
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~—— Semiring-annotated topological space (seat)

S = (X, T, Ak) where (X,7T) is a topological space, K = (K,®,5,0,1) is a
semiring and
Ag: Tx X — P(K)

satisfies the following (for all a € K, all U, V € T, and all x € X):

ac Ax(U,x) & be K = ab, bac Ax(U,x) (1)
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~—— Semiring-annotated topological space (seat)

S = (X, T, Ak) where (X,7T) is a topological space, K = (K,®,5,0,1) is a
semiring and

Ag: Tx X — P(K)
satisfies the following (for all a € K, all U, V € T, and all x € X):
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UcCV = Ax(U,x) € Ak(V,x) (2)
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~—— Semiring-annotated topological space (seat)

S = (X, T, Ak) where (X,7T) is a topological space, K = (K,®,5,0,1) is a
semiring and

Ag: Tx X — P(K)

satisfies the following (for all a € K, all U, V € T, and all x € X):

ac Ax(U,x) & be K = ab, bac Ax(U,x) (1)
UCV = Ax(U,x) € Ag(V,x) (2)
abeAx(Ux) = a®be Ax(U, x) (3)

ae Ax(Ux) & be Ax(V,x) = abe Ag(UN V,x) (4)
0 € Ak(X,x) (5)

Def. £4(x) = {U e T | ac Ax(U,x)} and B(x) := {U € T | Ax(U, x) # @}.
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Example T A
m X ={0,1}* binary words, finite + infinite ™~ &

m T with basis B = {Tw | w finite} Scott topology on {0, 1}
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m T with basis B = {Tw | w finite} Scott topology on {0, 1}

m Let O: X — P{w | wfinite} such that {u | u prefix of w} C O(w)
possible observations = the correct ones + some noise
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m Let O: X — P{w | wfinite} such that {u | u prefix of w} C O(w)
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Example g A
m X ={0,1}* binary words, finite + infinite ™, el
m T with basis B = {Tw | w finite} Scott topology on {0, 1}

m Let O: X — P{w | wfinite} such that {u | u prefix of w} C O(w)
possible observations = the correct ones + some noise

m K = (NU {co}, min, max, oo, 0)

macAx(U,w)iff Jue O(w) : Jue Uand |u| < a
verifiable by a possible observation of length at most a
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Special classes of seats:

strong: a® b € A (U) = a, b € A, (U) strong ideal
bounded: 1 € A,(X) and 0 € A,(0@) X for free, () inaccessible
uniform: A,(U) = A, (U) availability not dependent on state

cost seats: K idempotent and complete and | | A,(U) € A,(U)
cost of U as the smallest resource sufficient for U
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Special classes of seats:
m strong: a® b € A, (U) = a b e A (U) strong ideal

m bounded: 1 € A,(X) and 0 € A,(0) X for free, () inaccessible
m uniform: A,(U) = A, (U) availability not dependent on state

m cost seats: K idempotent and complete and | | A,(U) € A,(U)
cost of U as the smallest resource sufficient for U

Example (Cost seats from Borel measures): Let (X, T, 3, { i« }xex) where (X,X) is a
measurable space and T C ¥, and p, : X — Ry is a measure for all x € X.

B K =(RsoU{o0},inf, +, o0, 0)

m Ax(U x) ={a| p(X\U) < a}
E.g. probability measures (Markov transition systems): a € A, (U) is the probability
of transitioning to X\U is not greater than a (‘the acceptable risk’).
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~—— Language £

Fix countable Prop. For each countable semiring K, define (p € Prop, a € K):

p=pl-ploAne|Op|Fu

O¢ ‘there is factive evidence for ¢’ F,¢ ‘there is evidence for ¢ available for a € K’

Oq¢ = 0p A Fap ‘there is factive evidence for ¢ available for a’
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—— K-model
M = (X, T, Ak, V) where V : Prop — P(X) and
B M, x |=piff x € V(p)
B M x|=-giff M x [
EMxEpAYiffM x|=pand M, x = ¢
mMxl=0piff JU: xe UeT & UC [olm x <€ nt([o|m)
B M x |=Fpiff AU: ae Ax(U,x) & UC [o]m x € Fora([o]m)

where [p]m = {x | M, x |= ¢}. Local consequence |= as usual.

Note: M, x |= 0,9 iff a € A (Int([@]m))-
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~—— Axiom system S4y

S4 plus:

Fa(P - (Fabq) A Fbaq))
Fap A Fp) — Fogp(Op v OY)
Fa(P A Fb¢ - Fab((p A l//)

FoT
F.p — F,O¢
Py
Fap — Fay

Derivability |-s4, defined as usual.
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—— Theorem 1

I'Fsac o iff T Fan o
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~—— Axiom system S4subg

S4g plus:

Faebp — Fap A Fpp
FiT
FoL
+F,0 — F1+F 0
+F,0p — OtF,¢
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—— Theorem 2

I' Fsasube @ iff T Fsubx) ¢-
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Proof of Theorem 2. The simple canonical model: X m.c. theories, T with basis {|0¢|}ycg,.

V(p) = |pl and
ac€ Ar(U) & 3J¢:FpeT and|Op| C U

However, F, is a global modality (A(U) does not depend on the state), so the simple
canonical model is not sufficient.
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Proof of Theorem 2. The simple canonical model: X m.c. theories, T with basis {|0¢|}ycg,.

V(p) = |pl and
ac€ Ar(U) & 3J¢:FpeT and|Op| C U

However, F, is a global modality (A(U) does not depend on the state), so the simple
canonical model is not sufficient.
Pick a m.c. theory A; we anchor the simple canonical model in A:

m X =the set of T' € X that agree with A on all Fy¢

m T4 = subspace topology on XA (U € TV iff 3V e T: U=V X"

m ANU) = U{Ar(U) | VN X2 c U}

= VA(p) =V(p) N X~

Then everything works: M® is a s.u.b.-model and |x|* = [x]p-
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Language £

Fix countable Prop. For each countable semiring K, define (p € Prop, a € K):

p=pl-p|loAe|Op|Fu|Ap

Ap ‘¢ holds in all states’ / ‘p is assumed’
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Recall from [Baltag et al., 2016, 2022]:
m [Oo] = X\(Int(X\[e])) = Cl([e])
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Recall from [Baltag et al., 2016, 2022]:
m [O] = X\(Unt(X\[¢])) = Cl([¢])

m so, [ACe] = X iff Cl([e]) =X iff [¢] is a dense set (if U € T is non-empty,
then UnN [¢] is non-empty), otherwise it is empty
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Recall from [Baltag et al., 2016, 2022]:
m [Oo] = X\(Int(X\[e])) = Cl([¢])

m so, [ACe] = X iff Cl([e]) =X iff [¢] is a dense set (if U € T is non-empty,
then UnN [¢] is non-empty), otherwise it is empty

m but /nt(P) is dense iff U C P for some dense open U

m hence, [AOOp] = X iff U C [¢] for some dense open iff ¢ is justified.

What about ¢ is justified on budget a?
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We can show, in uniform seats:

X ifAUeép:UCp]andVV el VEO=>VNU#D

0 otherwise

[ACOpp] = {
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We can show, in uniform seats:

X ifAUeép:UCp]andVV el VEO=>VNU#D

0 otherwise

[[AOanQO]] = {

‘There is b-evidence for ¢ that is consistent with all (consistent) a-evidence’.
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We can show, in uniform seats:

X ifUe &y UC andVVel,: V0=VnU=%#0
[[Aoan¢]] = . II(p]] ‘

0 otherwise
‘There is b-evidence for ¢ that is consistent with all (consistent) a-evidence’.

B2p = AoG.0p0 and Kby = Opp A Blo.

Interesting properties:

m Superficial justification: Bfg for some ‘small’ € ‘There is cheap evidence for
@ that is consistent with all consistent cheap evidence’.
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but there is no factive evidence for it’.
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We can show, in uniform seats:

X ifAUeép:UCp]andVV el VEO=>VNU#D
0 otherwise

[[AOanQO]] = {

‘There is b-evidence for ¢ that is consistent with all (consistent) a-evidence’.
B2p = AoG.0p0 and Kby = Opp A Blo.

Interesting properties:

m Superficial justification: Bfg for some ‘small’ € ‘There is cheap evidence for
@ that is consistent with all consistent cheap evidence’.

m Susceptibility to disinformation: BS@ A =O¢ ‘¢ can be justified superficially
but there is no factive evidence for it’.

m Bias: By ‘Some evidence for ¢ is easily accessible, but it also survives
attacks of level a’.
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—— Axiom system S4sub

S4suby plus

Ap — ¢
Ap — AAg
¢ — AE@
Ap NAY — A(p AY)
Ap — 0p AF10
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—— Theorem 3

I Fsasubp @ i T Fsubk) ¢-
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Summary:

m TEL + resources = a (more) realistic logic of evidence

interesting concepts (e.g. disinformation)
m soundness and strong completeness

m and more... see arXiv (soon)
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Summary:

m TEL + resources = a (more) realistic logic of evidence

interesting concepts (e.g. disinformation)
m soundness and strong completeness

m and more... see arXiv (soon)

To do:
m decidability and complexity

multi-agent extensions
m dynamic extensions

m non-classical versions (e.g. relevant)
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